Abstract-In this paper, we consider the design of joint network coding (NC) and relay selection (RS) in two-way relay channels. In the proposed schemes, two users first sequentially broadcast their respective information to all the relays. We propose two RS schemes, a single relay selection with NC and a dual relay selection with NC. For both schemes, the selected relay(s) perform NC on the received signals sent from the two users and forward them to both users. The proposed schemes are analyzed and the exact bit error rate (BER) expressions are derived and verified through Monte Carlo simulations. It is shown that the dual relay selection with NC outperforms other considered relay selection schemes in two-way relay channels. The results also reveal that the proposed NC relay selection schemes provide a selection gain compared to a NC scheme with no relay selection, and a network coding gain relative to a conventional relay selection scheme with no NC.
I. INTRODUCTION
Wireless channels typically suffer from time varying fading caused by multipath propagation and Doppler shifts, resulting in serious performance degradation. Diversity has been an effective technique in combating channel fading. Recently, a new form of diversity technique, called user cooperative diversity [1] , has been proposed for wireless networks. The idea is to allow users to communicate cooperatively by sharing their antennas to achieve a spatial diversity gain. The use of relay aided transmission is one example of a practical cooperative diversity technique. In a relay system, the source sends its information to the relays. The relays then process the received signals, and forward them to the destination. At the destination, by properly combining the received signals sent from the source and relays, cooperative diversity can be achieved. It has been shown that cooperative communications can dramatically improve the system capacity and performance [3] , [4] .
To further improve the network capacity, the application of network coding (NC) [2] in wireless relay networks has recently drawn significant attention. In particular, NC has been studied in multiple access, multicast and two-way relay channels, where two users communicate with each other with the help of relays [5] - [9] . Some physical layer NC schemes, joint network-channel coding and scheduling algorithms, etc, have been proposed [5] - [9] , [15] - [20] . It has been shown that properly designed NC can achieve significant capacity improvement in cooperative wireless networks.
Most of the current work on two-way relay channels considers the use of a single relay node to aid communication in the system [5] - [9] . In this paper, we consider a two-way relay system with multiple relay nodes. In multiple relay networks, if all relays participate in the relayed transmission, it is usually assumed that they transmit on orthogonal channels so that they do not cause interference to each other [3] , [4] . Relaxing the orthogonality constraint can lead to a capacity increase with an increased system complexity. To overcome these problems, relay selection algorithms using various relay protocols, such as amplify and forward, decode and forward (DAF), and their variations, have been proposed to facilitate system design for one way non-orthogonal multiple relay networks [10] - [12] , [27] . A commonly used relay selection strategy in one way relay networks is to select a single best relay, which has the optimal end to end performance or capacity among all relays [10] - [12] , or among all relays whose received signalto-noise ratios (SNRs) are larger than a threshold [27] . It was shown that the single relay selection can achieve the full spatial diversity order as if all relays are used. Furthermore, the system bit error rate (BER) performance and capacity compared to all-participation relaying schemes is improved [3] , [4] .
In this paper, we consider the design of relay selection for two-way relay channels. In [21] , an interesting relay selection scheme was proposed for two-way relay channels. The relay selection criterion was to maximize the weighted sum rate for any bidirectional rate pair on the boundary of the achievable rate region. It was shown that the probability that there exists one relay node which achieves the optimal rate pair decreases with increasing the number of relay nodes. The optimal relay selection criterion decides for any rate pair individually and the optimal rate region can be achieved by time-sharing of different relay nodes.
In this paper, we propose practical relay selection schemes for two-way relay channels, designed to minimize the average sum bit error rate (BER) of the two end users in two-way relay channels. We consider a decode and forward relaying protocol for information forwarding. To improve the spectral efficiency and error performance of bidirectional relayed transmission, we combine relay selection (RS) and network coding, and develop efficient joint relay selection and network coding schemes (RS-NC). Specifically, we propose two RS-NC schemes, referred to as the single relay selection with NC (S-RS-NC) and dual relay selection with NC (D-RS-NC) schemes. In the proposed schemes, both users first sequentially send their respective information to all the relays. Based on certain selection criteria, a single relay or two relays are selected for transmission. The selected relay(s) decode each user's signals, perform NC and then broadcast the signals to both users. To facilitate the analysis and selection process, we propose some simple selection criteria for both relay selection schemes. Specifically, for the single relay selection, inspired by the fact that the overall error probability of two users is dominated by the worst user, we propose a near-optimum MinMax selection criterion for the S-RS-NC scheme, such that the BER of the worst user among the two users is optimized. That is, a single relay, which minimizes the instantaneous BER of the worst of the two users, will be selected in the proposed S-RS-NC scheme. Simulation results confirm that the Min-Max selection criterion achieves almost exactly the same performance as the optimal single relay selection criterion based on the minimization of the average sum BER of two users. During the revision of this paper, we have been informed that a similar Min-Max selection criterion for twoway multiple antenna relay network has been proposed in [28] , [29] , but no closed-form BER expressions were derived. In this paper, we will derive the exact closed-form and asymptotic BER expressions, and the analytical results are verified by Monte-Carlo simulations.
On the other hand, as revealed by the information-theoretic results in [21] that the bidirectional communication is characterized by a two-dimensional rate pair, the optimal relaying may be achieved by time-sharing of multiple relays. Motivated by this result, in this paper we propose another dual-relay selection scheme, referred to as the D-RS-NC. For the optimal D-RS-NC scheme, the destination needs to do an exhaustive search to find the optimal pair of two relays. This procedure is very complex, and requires coordination between the two end users, and also involves significant amounts of feedback. To facilitate the selection process, we propose a simple selection criterion, named Double-Max criterion. In this criterion, we select one best relay for each user. Here, the best relay for the user k, k=1, 2, means the relay, which has the best link quality to the user k. The best relays for two users could be the same or different. If the best relays for two users are the same, then only a single relay is selected for transmission. Otherwise, two different relays will be used. The proposed selection scheme is very simple and can be easily implemented.
The performance of the proposed RS-NC schemes is analyzed and verified by Monte Carlo simulations. Results show that both RS-NC schemes can achieve the full diversity order as if all relays are used. Results also show that the dual relay selection is superior to the single relay selection and outperform other considered relay selection schemes in twoway relay networks. This is different from the conventional one way relay networks [10] - [12] where the single relay selection is the optimal selection strategy. We also compare the performance of RS-NC schemes with other conventional schemes. Results show that the combined relay selection and NC provides a selection gain compared to the pure NC scheme with no relay selection, and a network coding gain relative to the conventional relay selection with no NC scheme. This implies that a properly combined network coding and relay selection can improve both system performance and spectral efficiency.
The rest of the paper is organized as follows. The system model is described in Section II. In Section III, we propose several relay selection schemes for two-way relay channels. The performances of these schemes are analyzed and compared with the conventional schemes. The results are verified by simulations in Section IV. In Section V, we draw the conclusions.
II. SYSTEM MODEL
In this paper, we consider a general two-hop two-way relay network, where user 1 and user 2 exchange their information with the help of N relays. For simplicity, in this paper, we consider the BPSK modulation. The extension to other modulation schemes is straightforward.
Let b 1 (k) and b 2 (k) represent the k-th information bit transmitted by user 1 and 2, respectively, and s 1 (k) and s 2 (k) denote the corresponding modulated symbols. The overall transmission can be divided into three steps. In the first two time slots, user 1 and user 2 send their respective information symbol s 1 (k) and s 2 (k) to all relays. The corresponding received signal at the i-th relay transmitted from user j,
wherep uj , j=1, 2, is the average transmission power at user j and h uj ,ri (k) is the fading coefficient between user j and relay i. In this paper, we assume that all fading coefficients are modeled as zero-mean, unit variance, independent circular symmetric complex Gaussian random variables. Furthermore, n uj ,ri (k) is a zero mean complex Gaussian random variable with a noise variance of σ 2 n . In this paper, we assume that all noise processes have the same variance without loss of generality.
In the final step, the relays process the received signals and transmit it to the two users. Specifically, the relays decode the received signals from users 1 and 2, and perform network coding by XORing the two decoded bits b 1 (k) and b 2 (k). Let b r (k) represent the binary summation of b 1 (k) and b 2 (k), and s r (k) denote the corresponding modulated symbol. Let x r,i (k) be the k-th signal transmitted from the i-th relay, expressed as
wherep r,i is the average transmission power at relay i. Relay i then broadcasts this signal to both users 1 and 2. The corresponding received signal at the j-th user receiver can be written as
where h ri,uj (k) is the fading coefficient between relay i and user j. 
′ s and user 2 ′ s receivers, respectively. Since user i already knows its own transmitted bit b i (k), it can recover other user's bit by simply XORingb r,i (k) with its own bit b i (k). For example, user 1 can obtain an estimation of b 2 (k), denoted byb 2 (k), by performinĝ
III. RELAY SELECTION WITH NETWORK CODING IN TWO-WAY RELAY CHANNELS
In this section, we propose several joint relay selection and network coding (RS-NC) schemes for two-way relay channels. We consider a decode and forward relaying protocol, where the relays decode the received signals before forwarding them to the destination. Similar to [24] - [26] , in this paper, we focus on the scenario where the link from the source to relay is much more reliable than the link from the relay to destination and as such the overall error probability from the source to the destination is dominated by the error probability from the relay to the destination and the contribution of decoding errors at the relay to the overall performance can be ignored. For simplicity of analysis, we assume error-free decoding at the relays. This is representative of many practical scenarios, such as when the source transmission power is large compared to the relay transmission power. One example includes two base stations that exchange their information through a relay station. To facilitate the BER proofs in this section, note that after integration by parts, we have
where Q(•) is the Q function and F X (x) is the cumulative distribution function (CDF) of X. In addition, if the first order expansion of the probability density function (PDF) of X can be written in the form
at high SNR, the asymptotic BER is given by [23] 
A. Single Relay Selection with Network Coding (S-RS-NC)
In this section, let us first consider an RS-NC scheme, referred to as the single RS-NC (S-RS-NC) scheme, where only a single relay, which optimizes the system performance, is selected. Its block diagram is shown in Fig. 1 . For different selection criteria, the selection decision procedures are different, so we will discuss it separately for each scheme.
Realizing the fact that the average sum BER of two end users is dominated by the worst user, in this paper, we consider a simplified selection criterion for which the instantaneous BER of the worst user among two users is minimized. We refer to such a selection criterion as the Min-Max selection criterion. Fig. 2 compares the performance of an approximate BER using only the worst user's BER and exact two users' BER based on the Min-Max selection criterion, as well as the exact two users' BER based on the optimum selection criterion for which the average sum BER of two users is minimized. To facilitate the simulation of the optimal selection criterion, we use a Chernoff bound to approximate the Qfunction when determining the optimal relay. In this figure, we assume that the average SNR in the link from relay i to user j for i = 1, . . . , N and j = 1, 2, are all equal. As can be seen from the figure, the worst user's BER is almost the same as the exact two users' BER at medium to high SNR regions. We can also observe that the Min-Max selection criterion achieves almost exactly the same BER performance as the optimal relay selection at all SNR range. This confirms that the Min-Max selection criterion is almost equivalent to the optimal selection criterion for the single relay selection. Now let us calculate the BER expression of the S-RS-NC scheme using the Min-Max selection criterion. Letb r,1 (k) and b r,2 (k) denote the estimation of b r (k) at user 1's and user 2's receivers, respectively. It can be easily verified that any error inb r,j (k), j = 1, 2, will result in a bit error at user j ′ s receiver. For example, ifb r,1 (k) is in error, then the estimation of b 2 (k) at user 1's receiver, given byb 2 (k) =b r,1 (k) ⊕ b 1 (k), will also be erroneous, because user 1 knows b 1 (k) perfectly. This means that the error probability of b 2 (k) at user 1's receiver is exactly the same as the error probability ofb r,1 (k). If we let P ri,uj be the BER in the link from relay i to user j, then the average BER of two users in this link, denoted by P ri , is equal to P ri = (P ri,u1 + P ri,u2 )/2. As discussed before, it can also be approximated by using the BER of the worst user as follows
Let γ ij =p r,i /σ 2 n represent the average SNR in the link from relay i to user j. We also assume that all γ ij for i = 1, . . . , N , j = 1, 2, are the same and equal to γ rd =p r /σ 2 n , wherep r is the total relay transmission power.
Let P ri,uj (γ rd |h ri,uj (k)) represent the instantaneous BER, in the link from relay i to user j. It is given by
where γ uj i (k) = γ rd |h ri,uj (k)| 2 is the instantaneous received SNR in the link from relay i to user j.
If we let z = γ uj i (k), the PDF of z is given by
Let
, P ri,u2 (γ rd |h ri,u2 (k)) denote the error probability of the worst user for the signals transmitted from relay j, where
Then based on the Min-Max selection criterion, among all relays, a single relay, denoted by S, is selected such that the instantaneous BER of the worst user is minimal. That is,
and other unselected relays will stay in the idle states.
Since Q(x) is a monotonic decreasing function of x, the Min-Max criterion in (11) can be further written as
} is the minimum of the two instantaneous SNRs of the links from relay i to the two users. That is (10) and (13), the PDF of z min is given by [13] f Zmin (z) = 2γ
Then the exact and asymptotic BER of the S-RS-NC scheme is given in the following theorem.
Theorem 1
The average sum BER of the S-RS-NC scheme using the Min-Max selection criterion is given by
It can be further approximated at high SNR as
Proof : See Appendix A.
From the above equation, we can see that a diversity order of N can always be achieved by the proposed S-RS-NC scheme in a two-way relay network with N relay nodes.
Next, let us discuss the selection decision procedure for S-RS-NC. Similar to [30] , to perform selection at the relay nodes, each relay needs to listen to the request-to-send (RTS) and the clear-to-send (CTS) packets from two source nodes, respectively. Based on that, each relay node estimates its channel power gains from two source nodes. Then, a backoff timer is set to be inversely proportional to the relaying channel quality γ 
B. Dual Relay Selection With Network Coding (D-RS-NC)
In the S-RS-NC scheme, only a single relay is selected for transmission. In this section, we consider another relay selection algorithm, referred to as the dual-RS-NC (D-RS-NC). Again, our selection criterion is to minimize the average sum BER of two users. In the D-RS-NC, one or two out of N relays are selected for forwarding the network coded signals. Let S (1) and S (2) denote the selected relays, which could be the same relay or different relays. Furthermore, to simplify the relay selection process and analysis, we consider a simple dual relay selection algorithm, referred to as the Double-Max selection criterion, where we select one best relay for each user. Fig. 3 illustrates the relay selection process using the Double-M ax criterion. Specifically, we select two relays S (1) and S (2) such that relay S (j) out of all relays has the best link quality to the user j. That is, among all relays, the link from relay S (j) to user j has the maximum received SNR at user j, j = 1, 2,
That is, |h rS (j) ,uj (k)| is the maximum one among all |h ri,uj (k)| for i = 1, . . . , N , Fig. 4 compares the D-RS-NC scheme based on the DoubleMax criterion, with that based on the optimal criterion, which selects optimal relays such that the instantaneous sum BER of two users is minimized. The simulation setup is the same as in Fig. 2 . For the optimal criterion, for simplicity we also use a Chernoff bound to approximate the Q-function when determining the optimal relay(s). It can be seen that there is about 1dB gap between the Double-Max criterion and the optimal selection criterion at the BER of 10 −4 . However, as will be discussed shortly, the Double-Max scheme can be implemented in a very simple decentralized way, but the optimal scheme needs to be implemented in a centralized way. It requires one central node which has channel state information (CSI) of all links to determine the optimal relays minimizing the sum BER and this has to be done by an exhaustive search among all possible pairs of relays. It requires extensive overhead and high implementation complexity. By contrary, the Double-Max scheme is much simpler compared to the optimal scheme and is only about 1dB away from the optimal scheme. Also analysis of the optimal selection criterion involves the order statistics of complex Q-functions which makes it difficult to obtain closed-form expressions. Therefore, in this paper, we only consider the Double-Max criterion and derive both exact and asymptotic BER expressions. This will give more insights into the system performance.
Since the two selected relays transmit at the same time, they will interfere with each other. To avoid interference, we consider using an Alamouti space time block code (STBC) technique [14] at the two selected relays S (1) 
r (k) represent the signals transmitted from relay S (j) at time k. Then for STBC, the signal matrix transmitted from S (1) and S (2) for the k-th and k +1-th symbols, can be written as
wherep r,j , j = 1, 2, represents the transmission power at relay S (j) ,p r,1 +p r,2 =p r andp r is the total transmission power at the relays. In this paper, we consider equal power allocation between two selected relays. That is,p r,1 =p r,2 =p r /2. We assume that the channel does not change during the two symbol transmission duration. Following the same receiver process as in the conventional Alamouti STBC system [14] , the corresponding received SNR at user j's receiver, denoted by γ uj (k), can be calculated as
where h rS (i) ,uj (k) is the fading coefficient from the selected relay S (i) to user j. Then we have the following theorem for the BER expression of D-RS-NC scheme.
Theorem 2 The average sum BER for the D-RS-NC using the Double-Max criterion is given by
and it can be further approximated at high SNR as
where
.
Proof : See Appendix B. By comparing the asymptotic BER of D-RS-NC in Eq. (21) with the BER of S-RS-NC in Eq. (16), we have
represents the BER reduction of D-RS-NC relative to S-RS-NC.
Next, let us discuss the relay selection process for D-RS-NC. In the D-RS-NC, each user only needs to select a best relay for itself, so the decentralized selection method in the S-RS-NC scheme can also be applied here, but the selection needs to be done in two steps. In each step, one relay is selected for one user. Similar to S-RS-NC, to select a best relay to user 1, each relay sets a backoff timer which is inversely proportional to the relaying channel quality γ u1 i (k). The best relay with the largest γ u1 i (k) and the smallest backoff timer can occupy the channel first and knows that it is the optimal relay to user 1. Similarly, to select a best relay to user 2, each relay sets a backoff timer which is inversely proportional to γ u2 i (k) and the optimal relay for user 2 can then be selected. Thus D-RC-NC can also be implemented in a decentralized way.
It can be observed from Eq. (23) that unlike the conventional relay networks, where a single relay selection is optimum, in the two-way relay networks, the performance of dualrelay selection with NC is always superior to the single relay selection with NC.
C. Network Coding without Relay Selection (NC -No-RS)
As a comparison, let us now consider a conventional network coding scheme with no relay selection (NC-No-RS). We assume that all relays transmit on orthogonal channels, so that the receiver can separate them without any interference from each other. This can be done by orthogonal space time block coding or other orthogonal transmission techniques. We should note that the NC-No-RS achieves the same spectral efficiency as the NC with RS schemes. The STBC orthogonal transmission in NC-No-RS is only used to facilitate the receiver processing and it does not increase the frequency bandwidth and reduce the spectral efficiency, compared to the NC with RS schemes.
For a fair comparison, we assume that the total relay transmission power in the NC-No-RS scheme is the same as that in the RS-NC schemes. In this paper, we assume that the power is equally distributed among all relays.
After receiving N independent signals from N relays, each user's receiver will then combine all the received signals. The overall received SNR at the j-th user's receiver at time k, denoted by γ sum,j (k), j = 1, 2, can be calculated as
where γ rd =p r /N 0 .
Theorem 3 The average sum BER of NC-No-RS is given by
Its asymptotic BER expression at high SNR can be approximated as
By comparing the asymptotic BER of NC-No-RS in Eq. (26) with the BER expression of S-RS-NC shown in Eq. (16), we have
represents the BER reduction of the S-RS-NC compared to the NC-No-RS. The gain comes from the relay selection. It can be verified that G S−RS ≤ 1 for N > 0, and it decreases with increasing N . This means that a relay selection scheme is always superior to non-selection schemes with all relay participation. The performance gain using relay selection increases as the number of relay increases.
D. Conventional Relay Selection With No Network Coding (RS-No-NC)
As a comparison, now let us also consider a conventional relay selection (RS) scheme without using network coding in two-way relay networks. To avoid interference, we also assume that all the relays transmit on orthogonal channels, so that they do not interfere with each other. In the RS-No-NC scheme, we select one best relay for each destination user and each selected relay will be used to forward other user's information to its destination user. Specifically, user 1 and user 2 first broadcast their own information to all the relays, separately. One relay, which has the best link quality to user 2 is selected for forwarding user 1's data to user 2, while the another relay which has the best channel to user 1 is selected for forwarding user 2's data to user 1. From the above description, we can see that the RS-No-NC is somewhat similar to the D-RS-NC scheme based on Double-Max criterion. Therefore, relay selection is the same as the D-RS-NC scheme. The only difference is that there is no network coding in RS-No-NC scheme and each selected relay only carries one user's information.
For a fair comparison, we also assume that the total transmission power of two selected relays is equal top r . Following the similar analysis as for the S-RS-NC scheme, the average 
, can be calculated as
2 . Again using the first order expansion of the PDF of γ max N,j (k) and Eq. (7), its asymptotic BER at high SNR is given by
By comparing Eq. (29) with Eq. (16), (16) can be rewritten as
From the above equation, we can see that the error rate of the S-RS-NC is always half of the conventional RS with no NC. This gain is due to network coding. Table 1 summarizes the BER reduction of various relay selection schemes relative to the NC with no relay selections (NC-No-RS) and they are illustrated in Fig. 5 . They are calculated based on the asymptotic BER at high SNRs, given in Eqs. (16), (21), (26) and (30) . It can be seen from the table and figure that the D-RS-NC scheme has the maximum BER reduction among all relay selection schemes, and thus performs best. The S-RS-NC has the second best performance. The conventional RS with no NC is worse than these two RS schemes, but is superior to the NC with no relay selection as the number of relays is greater than six.
IV. SIMULATION RESULTS
In this section, we provide simulation results. All simulations are conducted using a BPSK modulation. We assume that the average SNR in the link from relay i to user j for i = 1, . . . , N and j = 1, 2, are all equal. We consider the scenario where the link from the source to relay is much more reliable than the link from the relay to destination and as such the decoding errors at the relay can be ignored.
In Fig. 6 , we first compare the BER performance of RS-NC when selecting various numbers of relays. The optimal RS-NC scheme is to exhaustively search the optimal relay set among all possible sets of relays, where the optimal relay set may contain one, two, three, · · · , up to N relays. Obviously, such search has very high complexity, especially when N is very large. From the figure, we can see that the D-RS-NC, which selects up to two optimal relays performs almost the same as the optimal RS-NC scheme but has much low complexity compared to the optimal relay set selection. This indicates that the D-RS-NC scheme is a near optimal RS-NC scheme in a two-way relay network. It also brings significant gains compared to the S-RS-NC scheme.
Figs. 7-10 compares the BER performance of the single relay selection with NC (S-RS-NC) based on Min-Max criterion, dual-relay selection with NC (D-RS-NC) based on DoubleMax criterion, conventional relay selection with no NC (RSNo-NC) and the NC with no relay selection (RS-No-NC) schemes for various numbers of relays. It can be seen that among all these relay selection schemes, D-RS-NC performs best. This is different from the conventional one way relay networks, where the single relay selection is optimal [11] [12] [13] . For the network with two relays, the dual relay selection with NC can provide 0.5dB gain over the S-RS-NC and NC-No-RS, and about 2dBs over the conventional RS-No-NC. The gains are due to the relay selection and they may increase as the number of relays increases. For example, as the number of relays is increased to 16, the gain of the D-RS-NC over the S-RS-NC, RS-No-NC and NC-No-RS are increased to 0.5dB, 1dB and 2.5dB, respectively. This is consistent with the analytical results obtained in Section III. However, the gain resulting from relay selection in two-way networks is not as large as relay selection in one way relay networks. This is due to the two-way communication models and use of network coding.
Additionally, we can observe that the single relay selection with NC does not provide any selection gain compared to the NC-No-RS when the number of relays is two. Only when the number of relay is great than two, it provides some gains. This is also different from the relay selection in the conventional one way relay networks, where the relay selection can provide a gain as long as there are more than one relays.
Furthermore, we can also note that the combined relay selection with network coding can provide reasonable gains compared to the conventional relay selection with no network coding under the same complexity. The gains are contributed from the network coding.
Figs. 7-10 also compare the simulation results with the analytical results using the exact BER expressions derived in Section III. It can be seen that for the D-RS-NC, RS-No-NC, NC-No-RS schemes the analytical BER exactly match the simulation results in all SNR ranges. This validates that the BER expressions derived in Section III are accurate. The only BER expression, which has slight deviation from the simulations, is the S-RS-NC scheme. At low SNRs, its analytical BER is slightly better than the simulation results. This is because the analytical BER only uses the worst user's BER to approximate the average sum BER of two users. However, as the SNR increases, the analytical BER also matches the simulation results. That is, it is accurate at high SNRs.
From the simulation results, we can see that unlike the conventional relay networks, where a single relay selection is optimum, in two-way relay channels, D-RS-NC outperforms other considered relay selection schemes. However, the D-RS-NC requires strict time synchronization between two selected relays. In contrast, S-RS-NC does not have this requirement. Therefore, there are some implementation complexity and performance tradeoff between these schemes in practical applications.
V. CONCLUSIONS
In this paper, we combine the network coding and relay selection to improve the transmission efficiency and system performance in two-way relay channels. We proposed several selection schemes that optimize the overall performance of two users, including single relay selection with NC (S-RS-NC) and dual relay selection with NC (D-RS-NC). To simplify the relay selection process, we propose several simplified selection criteria. In particular, for S-RS-NC, we proposed a Min-Max selection criterion, so that the BER of the worst user out of two users is optimized, while for D-RS-NC, we developed a simple Double-Max criterion, for which we select one best relay for each user. Unlike the conventional relay selection strategy in one way relay networks, where the optimal selection strategy is to select a single best relay, in two-way relay networks, the dual relay selection outperforms single relay selection and is a near-optimal scheme. It was also shown that a properly combined network coding and relay selection can improve the system performance and efficiency. It provides additional selection gains compared to pure NC schemes with no relay selection, and an extra network coding gain relative to the conventional relay selection with no NC, but the gain due to the relay selection in two-way relay channels is not as larger as for the one way relay channel. Furthermore, in terms of practical implementation, single relay selection is easier to be implemented compared to the D-RS-NC scheme as the later requires synchronization of relay transmission. The performance of D-RS-NC using Double-Max criterion is about 1dB away from the optimal criterion. How to design a simple selection criterion which can approach the optimal criterion would be a very interesting problem.
VI. APPENDIX A. Proof of Theorem 1
Let γ
. . , N } represent the minimum value among the instantaneous SNRs from the selected relay S to users 1 and 2. Based on Eqs. (12) and (14) , the PDF of γ max−min S (k) can be calculated [13] 
where F Zmin (x) is the CDF of γ min i (k), given by
The instantaneous overall BER from the selected relay S to the two users, denoted by P rS (γ rd |γ max−min S ), can be approximated by
The average sum BER, denoted by P S−RS−N C (γ rd ), can be derived by averaging the above equation with respect to γ max−min S and is given by
where we have made use of Eq. (5) 
This yields Eq. (15).
At high SNR, its first order expansion is given by
By simply algebraic manipulation of the above equation to obtain the PDF, and using Eq. (7), we can obtain its asymptotic BER as shown in Eq. (16) .
B. Proof of Theorem 2
We assume that all fading coefficients are independent. Let γ uj i (k) = γ rd |h ri,uj (k)| 2 . For each user j, j = 1, 2, we rearrange γ uj i (k), i = 1, . . . , N , in an ascending order, denoted by γ
That is, we arrange γ (k) could be any q-th (q = 1, . . . , N ) maximal in order among all γ u2 i (k). That is, for any q, q = 1, . . . , N , the probability that γ u2 S (1) (k) is the q-th maximal in order is the same and equal to 1/N . Similarly, when γ u2 S (2) (k) is the maximum one among all γ u2 i (k), γ u1 S (2) (k) could be of any q-th maximal in order among all γ u1 i (k). The average BER for D-RS-NC, denoted by P D−RS−N C (γ rd ), can be calculated as
The first term L 1 can be calculated by following the similar procedure as for the S-RS-NC and is given by
Now let us calculate the second term L 2 . We first find the moment generating function (MGF) of Z = X 1 +X 2 = γ (1) . It can be shown that w l for l = 1, . . . , N are independent, and distributed according to [22] 
Then we have (c1+sin 2 (θ))(c2+sin 2 (θ)) dθ and it can be further calculated in (22) .
By substituting (39) and (34) into (33), we can obtain the desired expression in Eq. (21) .
To derive the high SNR approximation, we first evaluate the first order expansion of the PDF of Z = X 1 +X 2 by applying a Taylor series expansion around the origin. This can be written as
where f (p) Z (0) is the p-th derivative of f Z (z) with respect to z, evaluated at zero, and p is the minimum integer value such that f 
Substituting Eq. (42) into Eq. (7), the asymptotic BER at high SNR can be written as 
This proves Theorem 2.
C. Proof of Theorem 3
Let F γsum,j (x) represent the CDF of γ sum,j , then it is given by This proves Theorem 3. 
